We obtain an expression for computation of the Riesz angle in weighted Orlicz sequence spaces. We use this expression to find some estimates of the Riesz angle for large classes of weighted Orlicz sequence spaces.
Preliminaries
We use the standard Banach space terminology from [12] . Let X be a real Banach space, S X be the unit sphere of X. Let ℓ 0 stand for the space of all real sequences i.e. x = {x i } ∞ i=1 ∈ ℓ 0 , N is the set of natural numbers and R is the set of the real numbers. ii) There exists an element x ∈ X such that x i > 0 for all i ∈ N.
Definition 1. A Banach space (X, ∥ · ∥) is said to be Köthe sequence space if X is a subspace of ℓ
We recall that M is an Orlicz function if M is even, convex, M (0) = 0, M (t) > 0 for t > 0. The Orlicz function M (t) is said to have the property ∆ 2 if there exists a constant c such that M (2t) ≤ cM (t) for every t ∈ R. A weight sequence w
is a sequence of positive reals. Following [9] we say that
is from the class Λ if there exists a subsequence w = {w i k } ∞ k=1 such that lim k→∞ w i k = 0 and ∑ ∞ k=1 w i k = ∞. A weighted Orlicz sequence space ℓ M (w) generated by an Orlicz function M and a weight sequence w is the set of all sequences x ∈ ℓ 0 , such that the inequality M (x/λ) = ∑ ∞ i=1 w i M (x i /λ) < ∞ holds for some λ < ∞.
It is well known that the space ℓ M (w) is a Banach space if endowed with the Luxemburg's norm ∥x∥ M = inf {r > 0 :
∑ ∞ i=1 w i M (x i /r) ≤ 1} or with the Amemiya's norm |||x||| M = inf
We will write ℓ M (w, ∥ · ∥ M ) and ℓ M (w, ||| · ||| M ) for the weighted Orlicz sequence spaces equipped with the Luxemburg's and Amemiya's norm respectively. Luxemburg's and Amemiya's norms are connected by the inequalities:
We will write ℓ M (w), when the statement holds for the weighted Orlicz sequence space equipped with both norms -Luxemburg and Amemiya. The space ℓ M (w), endowed with the Luxemburg's or Amemiya's norm is a Köthe sequence space. In [18] C. Ruiz proved, that the weighted Orlicz sequence spaces ℓ M (w) are all mutually isomorphic for the weight sequences w = {w n } ∞ n=1 ∈ Λ. Sharp estimates are found in [13] for the cotype of ℓ M (w), which depends only of the generating Orlicz function, when the weight sequence verifies
It is proved in [23] that ℓ M (w), endowed with the Luxemburg's or Amemiya's norm, has weak uniform normal structure iff M ∈ ∆ 2 at zero, when weight sequence verifies the
Weighted Orlicz sequence spaces were investigated for example in [7] , [15] , [11] . Let us mention that if the weight sequence is from the class Λ, then a lot of the properties of the space ℓ M (w) depend only on the generating Orlicz function M [13] , [23] , which is in contrast with the results when w ̸ ∈ Λ [9] , [18] , [23] . All these inspired us to find the Riesz angle in wide class of weighted Orlicz sequence spaces.
Main results

Theorem 1. Let M be an Orlicz function with the ∆ 2 -condition and w
Then the Riesz angle of X = (ℓ M (w), ∥ · ∥) can be expressed as:
} .
Theorem 2. Let M be an Orlicz function with the ∆ 2 -condition and w
Then the Riesz angle of X = (ℓ M (w), ||| · |||) can be expressed as:
where
Auxiliary results
Lemma 1. Let w
∈ Λ be an arbitrary subsequence of w. Then there exist sequences of naturals {m
and for every i ∈ N there holds the equality . We will prove the Lemma by induction on n:
1 , so that
and
Let us use the notation
II) Let n = 2. We will show that we can choose m
Indeed let choose first m
1 , k
1 , such that
Then we choose m
2 , k
2 , such that
III) Suppose that for n = p we have chosen {m
, i + s = p + 1 with the properties:
for i + s = p + 1 and
IV) Let n = p + 1. We will show that we can choose {m
for i + s = p + 2 and
for i ≤ p + 1.
, such that
∈ N to satisfy the inequalities
On the last step for i = p + 1 we choose m
p+1 , such that
By (1) it follows that lim
Theorem 3. [6] Let be given the iterated series
∑ ∞ n=1 ∑ ∞ s=1 a s n . If the series ∑ ∞ n=1 ∑ ∞ s=1 |a s n | is convergent, then for any permutations π, σ : N → N the series ∑ n,s a σ(s) π(n) is convergent and ∑ n,s a σ(s) π(n) = ∑ ∞ n=1 ∑ ∞ s=1 a s n .
Lemma 2. Let M be an Orlicz function with the ∆ 2 -condition and
By Lemma 1 there are sequences of naturals {m
and there hold the equalities
Let consider the infinite matrix 
Consequently there exist two permutations π, σ : N → N, such that we can write the chain of equalities
3) If x ∈ S (ℓM (w),|||·|||) , then by 1) it follows that
Lemma 3. Let M be an Orlicz function with the ∆ 2 -condition and w
Proof Let x ∈ S (ℓM (w),|||·|||) and k > 1 be arbitrary chosen and fixed, then we define the function
is uniformly convergent on [1, +∞). Thus S is a continuous function. It is easy to see that S is strictly decreasing function on [1, +∞) . Therefore by the inequalities
we get that there is a unique
Lemma 4. ( [22]) For a Köthe sequences space (X, ∥ · ∥), the Riesz angle a(X) can be expressed as
where |x| ∧ |y| = min{|x|, |y|}.
Proof of Theorem 1:
It follows from Lemma 1 that there exist sequences of naturals {m
and there holds the equalities
We can put
x n e j and y = ∑ ∞ n=1 y n , z = ∑ ∞ n=1 z n . By using Lemma 2 we get that y, z ∈ S (ℓM (w),∥·∥) and M w (λx) = M w (λy) = M w (λz) for any λ ∈ R.
By the choice of the subsequences v, u ⊂ w we have that |y| ∧ |z| = 0 and ∥(|y| ∨ |z|)∥ = ∥y + z∥. Therefore we can write the chain of equalities:
.
Consequently it follows that for every x ∈ S (ℓM (w),∥·∥) , there exists k x = ∥(|y| ∨ |z|)∥, such that
. By Lemma 4 we get the inequality
On the other hand let put
It follows from Lemma 4 that for every ε > 0 there are x, y ∈ S (ℓ M (w),∥·∥) , |x| ∧ |y| = 0, such that
By the arbitrariness of ε > 0 we
Proof of Theorem 2: Let us denote
For any ε > 0 there exist
x n e j and y = ∑ ∞ n=1 y n , z = ∑ ∞ n=1 z n . By using Lemma 2 we see that y, z ∈ S (ℓM (w),|||·|||) , and M w (λx) = M w (λy) = M w (λz) for any λ ∈ R. Let put
Therefore by the chain of inequalities
we get that |||y + z||| ≥ d − ε. By the arbitrariness of ε > 0 and Lemma 4 we obtain the inequality 
By the chain of inequalities
we obtain the inequality
Some estimates of the Riesz angle in weighted Orlicz sequence spaces
For the estimation of the Riesz angle in weighted Orlicz sequence spaces we will need some well known indices. For an Orlicz function M we consider the index function [16] . Following [20] , [22] we define the indices:
Let mention that for an Orlicz sequences spaces ℓ M only the behavior of the Orlicz function M at zero is important and therefore the above indices are defined only at zero in [20] , [22] .
Theorem 4. Let M be an Orlicz function with the ∆ 2 -condition and w
It is easy to check the equality
For every
and thus by (6) it follows the inequality
Now we will prove that a((ℓ
For any u ∈ (0, +∞) there are sequences of naturals
It is easy to see that M w (x) = 1 and thus x ∈ S (ℓ M (w),∥·∥) . By the
we get that for any u ∈ (0, +∞) there holds
the inequality and therefore
Thus we have proven that
The proof of the inequality 
Proof I) We will prove first that
. By M ∈ ∆ 2 and the equality 1 = |||x||| = inf
it follows that there exists k 0 > 0, such that the equality M w (k 0 x) = k 0 − 1 holds [16] .
Then similarly to (6) we can write the inequality:
and consequently we get that d x,k0 < 
By the arbitrary choice of
From the inequalities ∥ · ∥ ≤ ||| · ||| ≤ 2∥ · ∥ it follows that for any x, y ∈ S (ℓM (w),|||·|||) , with |x| ∧ |y| = 0 there holds the inequality
For the next Corollary we will need the indices form [19] .
, t ∈ (0, +∞) where p is the right derivative of M . Let us define
The above indices are connected by the formulas ( [12] , p.149), ( [16] , p.27).
where N is the complementary function to M .
hold [17] . Let us mention that inequalities (11) are proven in [17] . The proof of inequalities (12) is similar.
We are sure that inequalities (12) are proven somewhere. Just for completeness we will prove (12) by using the technique from [17] . 
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